We generalize the cumulative slicing estimator to dimension reduction where the predictors are subject to measurement errors. Unlike existing methodologies, our proposal involves neither nonparametric smoothing in estimation nor normality assumption on the predictors or measurement errors. We establish strong consistency and asymptotic normality of the resultant estimators, allowing that the predictor dimension diverges with the sample size. Comprehensive simulations have been carried out to evaluate the performance of our proposal and to compare it with existing methods. A dataset is analyzed to further illustrate the proposed methodology.
Introduction
When predictors in regressions are observed with measurement errors, statistical analysis that ignores the measurement errors can cause substantial estimation bias. Regression models with semiparametric structures suffer from several additional issues; for instance, Carroll and Li (1992) pointed out that it is computationally demanding to evaluate the likelihood function of semiparametric regressions. Such issues are more serious when the predictor dimension is high. It is thus beneficial to develop some efficient dimension reduction methods for high-dimensional semiparametric regressions, particularly when the predictors are measured with errors. Toward this end, Carroll and Li (1992) (1.1)
Here, X = (X 1 , . . . , X p ) τ is the p-dimensional predictor vector, B is an unknown p×K matrix to be estimated from the observed data, τ is the transpose operator, ℓ is an unknown function, and ε is assumed to be independent of X. In (1.1), γ is an r-dimensional nonrandom vector, Γ is an r × p nonrandom matrix with r ≥ p, and δ is an r-dimensional random vector independent of (X, Y ). Without loss of generality we take γ = 0 and E(X) = E(δ) = 0 throughout. From Cook (1998a) , we know that the relationship between Y and X is equivalent to the conditional independence statement
where ⊥ ⊥ denotes statistical independence, B ∈ R p×K , K ≤ p. Clearly B is not unique, because any orthogonal transformation of B satisfies this conditional independence as well. Therefore, we are concerned with the column space of B, often referred to as the dimension reduction subspace and denoted by S (B) . Observing that any matrix whose column space contains S(B) also satisfies (1.2), Cook (1998a) defined the central subspace (CS) as the intersection of all dimensional reduction subspaces satisfying (1.2) if itself is also a dimension reduction subspace. Following the convention in sufficient dimension reduction literature, we denote the CS by S Y |X . With a slight abuse of notation, we take S Y |X = S(B). Cook (1998a) provides a detailed account of useful ideas and results toward identifying the CS. To investigate (1.2) with measurement error structure (1.1), Carroll and Li (1992) proposed to use the surrogate predictors In spirit, the surrogate predictors U form the least squares prediction of X when W is given. The slope vector through regressing the coordinates of X against W constitutes the rows of the linear transformation L. Carroll and Li (1992) pointed out that ordinary least squares (OLS) and sliced inverse regression (SIR) can produce consistent estimators of S Y |X . Lue (2004) developed a modified principal Hessian direction (pHd) method to estimate the CS. Li and Yin (2007) when X and δ are jointly multivariate normal. Accordingly, all inverse regression based methods using (X, Y ) can be readily adapted to the methods using (U, Y ). In regression modeling, this equivalence implies that, when X is normally distributed, we can employ the regression calibration method (see, e.g., Carroll et al. (2006) ) to deal with semiparametric regressions. If X or δ is not normally distributed, whether or not the invariance law holds true remains an open problem, although Li and Yin (2007) suggested an approximation based on the results of Hall and Li (1993) . The adaptation of the OLS and the pHd (Lue (2004) ) is probably easy to implement, yet both the OLS and the pHd are in spirit targeting the central mean subspace (CMS; Cook and Li (2002) ) rather than the CS. In addition, pHd requires the constant variance condition, which is more stringent than the linearity condition and may not be true if X deviates from multivariate normality.
Here we first establish connection between the ordinary CS, S Y |X , and the surrogate CS, S Y |U , when X satisfies the linearity condition, then elaborate the notion of cumulative slicing estimation (Zhu, Zhu, and Feng (2010) ) to recover S Y |X . Compared with the sliced inverse regression in Carroll and Li (1992) , cumulative slicing estimation requires no nonparametric smoothing in estimation. We establish the strong consistency and asymptotic normality of our proposed estimators, allowing the predictor dimension p to diverge to infinity as the sample size n grows. In particular, we show that strong consistency and asymptotic normality hold true when the predictor dimension p = o( √ n/ log n) and p = o(n 1/3 ), respectively. It is worth mentioning that, although investigation of such results is not the focus of this paper, this paper provides some insights into estimating the CS if some variable selection techniques have been adopted to choose important ones from ultra-high dimensional candidate predictors. Specifically, we can obtain consistent estimators of the CS as long as the number of important predictors is of order o( √ n/ log n). The remainder of this paper is structured as follows. In Section 2, we adapt the notion of cumulative slicing estimation to accommodate measurement error regressions, and justify its theoretical underpinnings for the surrogate dimensional reduction problems at the population level. We then discuss the estimation procedure at the sample level and derive some relevant asymptotics. We report results of several simulation studies in Section 3 and further illustrate our proposed methodology through an application to a dataset in Section 4. In Section 5, we discuss several extensions of our proposal. This paper concludes with a brief discussion in Section 6. All technical details are in the Appendix.
Methodology and Asymptotic Properties

Rationale of the method
We assume here that the predictors satisfy the linearity condition (Li (1991) ):
where Σ X def = cov(X, X) denotes the covariance matrix of X, and
Under (1.2), (2.1), and the adjoint property of conditional expectation, Zhu, Zhu, and Feng (2010) obtained that
2)
X Λ(y) lies in the CS. It can be proved without much difficulty that span{Σ
is a kernel matrix, and Y is an independent copy of Y . Such an observation implies that the spectral decomposition of Λ helps to infer about S Y |X through the eigenvectors associated with the nonzero eigenvalues of Λ. In effect, (2.2) and (2.3) make the core of the cumulative mean estimation (CUME; Zhu, Zhu, and Feng (2010) ). The advantage of the CUME is that it uses a determining class of unconditional covariances cov(1{Y ≤ ·}, X), and it is a simple moment method without nonparametric estimation. In semiparametric regression with measurement errors, the predictors X at (1.2) cannot be observed precisely, but rather via (1.1). Consequently, (2.3) cannot be applied directly to recover S Y |X . We expect to utilize the surrogate prediction of X based on (1.1) to identify S Y |X . Recall the definition of U and L in (1.3). A proposition establishes the connection between the seed vector using the underlying unobservable X and the seed vector using the surrogate predictor vector U .
Relation (2.4) in Proposition 1 holds without the linearity condition. However, this condition is still needed to ensure that the columns of Σ 
Estimation procedure
We discuss how to estimate the CS of measurement error regressions at the sample level, assuming L is known or unknown. When L is unknown, we present two methods to estimate it.
L is known
Based on (1.3), M (y) in Proposition 1 can be written as M (y) = LV (y), where
Suppose that n observations {(w i , y i ), i = 1, . . . , n} are available, and our objective is to estimate, using the (w i , y i )'s, the kernel matrix V and then its eigenvalues and corresponding eigenvectors. Let E n (·) be the average over all sample points, so
Hence, an estimator of V , written as V n , is
(2.8) Accordingly, we can estimate M (y) and M with
L is unknown
When L is unknown, there are two ways to estimate it depending upon availability: using validation data, or replication data. Consider a validation
as an external sample, and assume the size of m is much smaller than n. Using this auxiliary sample to estimate L through least squares, we have
where
Next we turn to replication data. Here Γ = I p and W is an unbiased surrogate for X, as considered by Carroll and Li (1992) , I p is the p × p identity matrix.
where δ ij 's are independent and identically distributed, and are independent of (w ij , y i ). From (2.11),
Thus we can use
With a consistent estimator of L defined in either (2.10) when the validation data are used, or in (2.12) when the replication data are used, the corresponding estimators of M (y) and M are 13) where j = 1 is for the validation data case and j = 2 is for the replication data case. We can now obtain the two estimators of Σ U , denoted by
Asymptotic results
Theorem 1 gives the strong consistency of the kernel matrices of the CUME method in estimating the CS of measurement error regressions. Theorem 1. In addition to the linearity condition, we assume the following.
(A3) Σ X and Σ U are positive definite matrices uniformly for all p.
surely when L is unknown and needs to be estimated from the validation or replication data.
Strong consistency thus holds true even when p goes to infinity at a rate of o( √ n/ log n).
Theorem 2.
In addition to the conditions in Theorem 1, we assume the following. Zhu, Zhu, and Feng (2010) stated that, as the predictor dimension p diverges with the sample size n, the usual χ 2 -sequential test statistic (Li (1991) and Cook (1998a)) may not be proper because the degree of freedom of the χ 2 -sequential test also diverges. Following Zhu, Miao, and Peng (2006) , we proposed a BICtype criterion to determinate K:
For e a unit length vector orthogonal to S Y |X , L is known, and p
= o(n 1/3 ), √ ne τ b i → N (0, G i ), i = 1, . . . , K.
If m is the size of the validation or replicated dataset with m < n, L is unknown, and p
= o(m 1/3 ), then √ me τ b * i → N (0, G i ), i = 1, . . . , K.
Dimension determination
Here k(k + 1)/2 is the number of free parameters when the target matrix is of rank k. The λ i s are the sample eigenvalues of Σ Zhu, and Feng (2010) suggested C n = 2n 3/4 . How to choose an optimal penalty for C n in a data-driven manner is a challenging issue, particularly when p is divergent.
Numerical Studies
In this section we report on simulations to evaluate the performance of our proposed method and to compare it with existing competitors. To measure estimation accuracy, we adopt the trace correlation criterion proposed by Férre (1998) : 
We compare our method with SIR (Carroll and Li (1992) ), pHd (Lue (2004) ) and the CR proposed in Li and Yin (2007) , all of which utilize the surrogate variable U instead of X. For SIR, different numbers of slices in the estimators were chosen, H at 5 and 10. For CR, the cutting number c was taken to be 0.5. To examine the performance of our method in high-dimensional cases with p associated with the sample size, we considered sample sizes with (n, p) = (100, 19), (225, 29) , (400, 39), (625, 49) . Six models were adopted:
In these models, X = (X 1 , X 2 , . . . , X p ) τ is independent of ε. We want to estimate S Y |X . In Example 1. We assume that the link L in known. The predictors X ij were generated from the t-distribution t(6), i = 1, . . . n, j = 1 . . . p, and the ε were drawn from uniform distribution over the interval [-0.2, 0.2] . Because X contains measurement errors in the manner of model (1.1), we took Γ as the p × p matrix with diagonal elements 1, and off-diagonal elements 0.5, and
By invoking (1.3), we have
where σ 2 t(6) stands for the variance of the t-distribution with six degrees of freedom. With this known L, we estimated S Y |X following the routines suggested in Section 2.2.1. We conducted 200 simulation replications. The averages and standard deviations of the R 2 (K) values are reported in Table 1 . Models (3.1) and (3.2) have been shown to be favorable to SIR, and SIR again showed favorably for (3.1) and (3.2) with a transformation of Y . However, our method is superior to SIR in models (3.3)−(3.6), and is slightly better than CR in (3.1)-(3.4). In (3.5), the CR method is the winner over its competitors; further, the pHd method produces much lower R 2 (K) values than either the SIR or our method.
Example 2. In this example, we took validation data to be available. We generated X, δ, ε and Γ as in Example 1, but with the sample size m of the validation data much smaller. In our simulations, we chose m = [n/2]. We first employed the validation data to estimate L Table 2 .
In this example, SIR performs well for (3.1) and (3.2), while our method works well for the other models. The pHd exhibits poor performance here, in line with Cook's (1998b) observations that it is probably not efficient in symmetric models. All three methods in this example exhibit similar performance to those in Example 1, but less well given the need to estimate the unknown L.
Example 3. In this example the link L is estimated using replication data. Following Carroll and Li (1992) , we generated the data from (2.11) by taking γ = 
m with (2.12), and estimated S Y |X by (2.13). We investigated the performance of SIR, pHd, and our method. The averages of the 200 replications of the R 2 (K) values and the corresponding standard deviations are reported in Table 3 .
Our conclusions are similar to those for Example 2. As n and m grow, the performance of SIR and our method improves, although our method exhibits superior performance for (3.3)-(3.6) and SIR works better for (3.1)−(3.2). In (3.5), the CR method performs quite well when both n and m are large.
The three examples convey similar messages: SIR works well for the linear and transformed linear models, while our method outperforms its competitors in some other complicated nonlinear models. Our method is comparable to SIR in (3.1)−(3.2) and to CR in (3.5). This suggests that our proposal is indeed worthy 
Application to Cardiovascular Disease Factors Two-Township Study
We applied our method to the Cardiovascular Disease Factors Two-Township Study carried out in Taiwan to investigate the risk factors for a high cholesterol level. The dataset was collected by Pan et al. (1997) and was used in Lue (2004) . It includes six factors: Age (W 1 ), waist measurement (W 2 ), hip measurement (W 3 ), triglycedrine level (W 4 ), BMI measurement (W 5 ) and WHR measurement (W 6 ). Of these variables, age is observed precisely while the other five are measured with errors. All subjects have three replicates, each with the same size of 1,941. Each subject's cholesterol level (Y ) was measured at the third examination. We are interested in investigating whether all six factors have an impact on subject's cholesterol level (Y ). Following Lue (2004) (0.1977, −0.5201, 0.7358, −0.0203, 0.3844, −0.0283) τ , possibly indicating that the hip measurement has the dominant effect. Using the same dataset, we also tried out the SIR with 10 slices to estimate the direction (Carroll and Li (1992) ). The estimated direction is β sir = (0.2097, −0.4940, 0.7454, −0.0827, 0.3856, −0.0286) τ , which agrees with our observation that hip measurement plays the dominant role. The angle between the two estimated directions obtained with the two methods is almost 0, as the cosine value of angle β τ β sir = 0.9976. Thus, for this dataset, our method and SIR agree that a subject's hip measurement has a potential influence on their cholesterol levels.
Some Extensions
There are several ways to extend the methodology to handle measurement error regressions. For example, an anonymous referee observed that, to identify the CS, the indicator function 1{Y ≤ y} in (2.2) can be replaced with any measurable function f y (Y ), for y ∈ R. In parallel to (2.2), we can show that
can be used to infer about S Y |X through using the eigenvectors associated with the nonzero eigenvalues of Λ. This modification indeed generalizes the scope of cumulative slicing estimation, which corresponds to the CUME method here if we choose f y (Y ) = 1{Y ≤ y}, and the ordinary least squares (OLS) procedure in Carroll and Li (1992) 
for an arbitrary measurable function f y (Y ). Following (5.1) and similar arguments for proving Proposition 1, we can show that
This enables us to design some other dimension reduction methods to analyze measurement error data. Another way of generalizing the CUME method is to consider using the second moment of X given Y . Observing that cov(1{Y ≤ y}, X) = cov(1{Y ≤ y}, E(X | Y )), Zhu, Zhu, and Feng (2010) pointed out that the CUME method fails if E(X | Y ) degenerates. They proposed cumulative variance estimation (CUVE) and cumulative directional regression (CUDR). In the measurement error regressions, we can extend the CUME method. Zhu, Zhu, and Feng (2010) noticed that the CUME method replaces E(X | Y ) in SIR with E[X1{Y ≤ y}], and then proposed CUVE by replacing var(X | Y ) by var [X1{Y ≤ y}] . Assuming (2.1) and the constant variance condition
we now propose the kernel matrix of the CUVE for measurement error problem.
where Y is an independent copy of Y .
Theorem 3. Assume (2.1) and (5.3). Then S(M
Following Zhu, Zhu, and Feng (2010) , we can further develop an extension of the cumulative directional regression (CUDR) method under the measurement error setting. The directional regression (DR) method was proposed by Li and Wang (2007) 
is an independent copy of (X, Y ). Zhu, Zhu, and Feng (2010) extended the DR idea and proposed CUDR method by using
where ( U , Y ) is an independent copy of (U, Y ). Moreover, let
Theorem 4. Assume (2.1) and
With Theorems 3 and 4, we can estimate S Y |X as in Section 2. Details are omitted here.
Concluding Remarks
In this paper, we have studied sufficient dimension reduction when the predictors in semiparametric regressions are measured with errors. Our method enhances the estimation efficiency in comparison with existing methods. The resultant estimators are consistent when the predictor dimension p diverges with the sample size n at a rate of at most p = o(n 1/2 / log n). This inspires us to consider the variable selection issue: When the predictor dimension is very large, how can important variables be selected, and to what extent can the predictor dimension p be brought down to a value much smaller than n while retaining the estimation consistency? There are such variable selection procedures, as the Dantzig selector (Candés and Tao (2007) ), the LASSO (Tibshirani, R. (1996) ), the SCAD (Fan and Li (2001) ) and the SIS (Fan and Lv (2008) ), etc. It may be feasible to combine one of these approaches with that proposed herein if an objective function is properly defined. Research along this line is warranted. and a FRG grant from Hong Kong Baptist University. zhu.liping@mail.shufe.edu.cn. The authors thank the Editor, an associate editor, and two anonymous referees for their valuable comments and suggestions which led to a substantial improvement in the presentation of an early manuscript.
Appendix
Proof of Proposition 1. We first observe that
which yields the desired conclusion.
Proof of Theorem 1. Note that
To prove Theorem 1, it suffices to investigate the convergence rate of ∥ V n − V ∥ and ∥Σ W,n − Σ W ∥, where ∥A∥ is the Frobenius norm of A. We split the proof into three main steps and several sub-steps.
Step 1. We show that
Note that V n can be recast as a U -statistic:
with the kernel
.
We approximate V n with its Hájek projection (Serfling (1980) ),
Step 1.1. We show that
with the symmetric kernel
Using Lemma A in Section 5.2.1 of Serfling (1980, p.183) , we have
,
Therefore,
Using the assumption that max
) .
Take λ n = (p log n/n) −1 . It suffices to prove that, for any ε > 0,
Let ε > 0 be given by the Borel-Cantelli lemma. As λ n is nondecreasing for a large n, it suffices to show that
Observe that V n − V n is a reverse martingale. By applying the standard result in Loeve (1978, Sec. 32) , we have
The right-hand side of the k-th term of (A.3) can thus be bounded by
The series is convergent. Thus the Borel-Cantelli lemma yields
, almost surely.
Step 1.2. We show that
After some algebraic calculation, we derive
} and
Recall that EX = Eδ = 0, and thus E(W ) = 0. Note that V n − V is approximated with an average of independent and identically distributed random variables. By Theorem 2.3.2 in Section 2.3 of Stout (1974, p.20) , we have
Now the result of (A.4) is verified, and (A.2) follows from the triangle inequality.
Step 2. We show that
Using similar arguments to those in Step 1.2, and invoking the assumption that λ max (LL τ ) < +∞ uniformly in p, we can show that
Step 3. We prove that
Using similar arguments to those in Step 1.2, we obtain
, almost surely;
, i = 1, 2, almost surely; and
We can now turn to the asymptotic properties of L (i) m , i = 1, 2, respectively:
With the assumptions that λ max (LL τ ) < +∞ and λ max (Σ δ ) < +∞, λ max (Σ −1 W ) < +∞ uniformly in p, together with (A.5), we find that both ∥L Step 1. When L is known, we can first calculate the eigenvectors for the eigenvalue decomposition of M n with respect to Σ U,n :
We then show that for
, and J 3 is asymptotically normal. We split this step into three sub-steps, as follows.
Step 1.1. We show that J 1 = o P (1/ √ n). Towards this end, we prove that ∥Σ
. Because E(U ) = 0, the following weak convergence can be derived from Step 1 in the proof of Theorem 1 as
Because both T 1 and T 2 are sums of the i.i.d. random variables, we have
From (A.6), we observe that Σ
Using similar arguments as those used to prove Corollary 1 in Zhu, Miao, and Peng (2006) , we obtain
(A.7)
Theorem 1 and (A.7) entail that |λ i − λ i | = o P (1). Furthermore, invoking e T b i = 0, we have
From the Linderberg-Feller Central Limit Theorem, we obtain that
Step 1.2. We prove √ nJ 2 = o P (1). Corollary 1 of Zhu, Miao, and Peng (2006) 
Using similar arguments, we have √ nJ 2 = o P (1) for p = o(n 1/2 ).
Step 1.3. For the asymptotic distribution of √ nJ 3 . √ nJ 3 = λ
where .8) and I 1 (w j , y j ) and I 3 (w j , y j ) are those in (A.5) of Step 1.2.
The asymptotic distribution can be obtained by checking the LinderbergFeller conditions. Specifically, for any given ε > 0,
, and the assumption is that Σ U are positive-definite matrices uniformly in p. We also know that Step 2. When L is unknown and estimated by either validation or replicated data with a sample size of m ≤ n, we can show with little difficulty that
The rest of the proof of the second part of Theorem 2 is similar to Step 1. We omit the details here and emphasize that the optimal rate we can achieve is p = o(m 1/3 ). 
Proof of
The last equality follows from the fact that Σ W = ΓΣ X Γ τ + Σ δ . Following the arguments for Theorem 4 of Zhu, Zhu, and Feng (2010) using the linearity and constant variance conditions, we can prove without much difficulty that Σ 
The proof of Theorem 4 can be completed similarly, we omit the details.
